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We investigate the topological aspect of the spin-triplet f -wave superconductor UPt3 through
microscopic calculations of edge- and vortex-bound states based on the quasiclassical Eilenberger
and Bogoliubov-de Gennes theories. It is shown that a gapless and linear dispersion exists at the edge
of the ab-plane. This forms a Majorana valley, protected by the mirror chiral symmetry. We also
demonstrate that, with increasing magnetic field, vortex-bound quasiparticles undergo a topological
phase transition from topologically trivial states in the double-core vortex to zero-energy states in the
normal-core vortex. As long as the d-vector is locked into the ab-plane, the mirror symmetry holds
the Majorana property of the zero-energy states, and thus UPt3 preserves topological crystalline
superconductivity that is robust against the crystal field and spin-orbit interaction.
PACS numbers: 74.70.Tx, 74.20.Rp
Introduction.— The unconventional aspect of the
heavy-fermion superconductor UPt3 [1] emerges as a
multiple phase diagram in the temperature T vs mag-
netic field H plane, which is unique among a handful of
strongly correlated superconductors. In low fields, UPt3
undergoes a double superconducting transition from a
normal phase to the A-phase at Tc1≈ 550 mK and from
the A-phase to the B-phase at Tc2≈500 mK [2]. The C-
phase appears in the regime of low T ’s and highH ’s [3, 4].
In spite of numerous works on UPt3 over the past three
decades following the discovery of superconductivity, the
pairing mechanism and gap function have not been fully
elucidated yet.
A recent experiment has clarified the remarkable
twofold symmetry breaking of the angle-resolved ther-
mal conductivity in the ab-plane of the C-phase [5]. This
convincingly suggests a spin-triplet f -wave function be-
longing to the E1u representation [6], where the gap func-
tion in the B-phase is described by the two-component
d-vector [7] and in the C-phase it reduces to a single com-
ponent with the twofold symmetry breaking. Even within
the B-phase, the d-vector rotates from d(k)∝λab+λbc to
λab+ λba with increasing H ‖c at the critical magnetic
field Hrot ∼ 2 kG [8, 9], where λa,b(k) = ka,b(5k2c − k2)
and a, b, and c are the unit vectors in a hexagonal
crystal. Most bulk thermodynamic experiments are un-
derstandable with the E1u scenario and another candi-
date based on the E2u representation [10] described by
d
′∝c(ka+ikb)2kc because both have point and line nodes
in the B-phase [6]. The latter scenario gives rise to the
spontaneous breaking of the time-reversal symmetry in
the B-phase and the fourfold symmetry breaking in the
C-phase. These two scenarios differ in that the multi-
component order parameters originate from the multiple
d-vector in the E1u scenario and from the orbital degrees
of freedom for the E2u representation.
In this Letter, we examine topological crystalline su-
perconductivity in the B-phase of UPt3 appropriate for
the E1u scenario with multiple d-vectors. On the basis of
a recent idea of Majorana fermions protected by crystal
point group symmetries [11–13], it is demonstrated that
the nontrivial topological property is directly linked to
the orientation of the d-vector, and thus the field-induced
rotation of the d-vector is accompanied by the topological
phase transition of vortex-bound states, which is not ob-
served in the E2u scenario. Here, the topological aspects
are unveiled through the microscopic calculations of edge
and vortex core states. It is shown that zero-energy states
exist at the edge of the ab-plane, which form the topo-
logical “Majorana valley”. Furthermore, employing nu-
merical calculations of the Bogoliubov-de Gennes (BdG)
equation, we examine the discretized quantum structure
of quasiparticles (QPs) bound at a double-core vortex
and a normal-core vortex. It is found that increasing the
magnetic field H ‖ c induces a topological phase transi-
tion from topologically trivial states in the double-core
vortex to symmetry-protected Majorana fermions in a
normal-core vortex with d⊥ c via nontopological Dirac
fermions. The purposes of this Letter are to help identify
the pairing symmetry of UPt3 and to place this material
in the proper position of topological crystalline supercon-
ductors.
Formulation.— Here, we utilize both the quasiclassi-
cal Eilenberger theory and the BdG theory. The former
is valid for ∆≪EF , which is well satisfied for most su-
perconductors including UPt3, where ∆ and EF denote
the pair potential and Fermi energy, respectively. The
vortex-bound QP state is, however, discretized at ∆2/EF
2intervals [14]. The BdG theory enables us to describe the
full quantum structure of low-lying QPs in the vortex
state.
We start with the quasiclassical spinful Eilenberger
theory [6, 15–17]. The quasiclassical Green’s function
ĝ≡ ĝ(k¯, r, ωn) is governed by the Eilenberger equation
−i~v(k¯) ·∇ĝ =
[(
i~ωn1ˆ −∆ˆ(k¯, r)
∆ˆ†(k¯, r) −i~ωn1ˆ
)
, ĝ
]
, (1)
with the normalization condition ĝ2 =−π21̂. The ordi-
nary (wide) hat indicates the 2×2 (4×4) matrix in spin
(particle-hole) space. The quasiclassical Green’s function
is described in particle-hole space by
ĝ(k¯, r, ωn) = −iπ
(
gˆ(k¯, r, ωn) ifˆ(k¯, r, ωn)
−ifˆ(k¯, r, ωn) −gˆ(k¯, r, ωn)
)
, (2)
with the momentum on the Fermi surface k¯ = k/kF =
(ka, kb, kc)/kF, the center-of-mass coordinate r, and the
Matsubara frequency ωn = (2n + 1)πkBT/~ with n ∈ Z.
The Fermi velocity is assumed as v(k¯)=vFk¯ on a three-
dimensional Fermi sphere.
The spin-triplet order parameter is expressed with the
d-vector as ∆ˆ(k¯, r)= id(k¯, r) · σˆσˆb, where σˆ is the Pauli
matrix. The self-consistent condition for ∆ˆ is given as
∆ˆ(k¯, r)=N0πkBT
∑
|ωn|≤ωc
〈
V (k¯, k¯
′
)fˆ(k¯
′
, r, ωn)
〉
k¯
′
, (3)
where N0 is the density of states in the normal state.
The cutoff energy ωc is set to be ~ωc=20kBTc with the
transition temperature Tc and 〈· · · 〉k¯ indicates the Fermi
surface average. In the B-phase without a magnetic
field, the d-vector is described by d = ∆1λab + ∆2λbc.
We neglect the splitting of Tc into Tc1 and Tc2 because
the amplitudes of the two pair potentials, ∆1 and ∆2,
are nearly equal at low temperatures in the B-phase.
The pairing interaction is V (k¯, k¯
′
) = g[λa(k¯)λa(k¯
′
) +
λb(k¯)λb(k¯
′
)], where the coupling constant g is determined
by (gN0)
−1 = ln(T/Tc) + πkBT
∑
|ωn|≤ωc
|~ωn|−1. We
self-consistently solve Eqs. (1) and (3) at T =0.5Tc.
By using the self-consistent solution of ĝ in Eqs. (1)
and (3), the spin current is calculated as
jµs (r) =
~
2
N0πkBT
∑
|ωn|≤ωc
〈v(k¯)Im[gµ(k¯, r, ωn)]〉k¯, (4)
where gµ is defined as gˆ= g01ˆ + g ·σˆ. The local density
of states (LDOS) for the energy E is given by N(r, E)=
〈N(k¯, r, E)〉k¯, where the angle-resolved LDOS is
N(k¯, r, E) = N0Re
[
g0(k¯, r, ωn)|i~ωn→E+iη
]
. (5)
We here introduce a positive infinitesimal constant η,
which is typically fixed at η = 0.007πkBTc. To obtain
g0(k¯, r, ωn)|i~ωn→E+iη, we solve Eq. (1) with η − iE in-
stead of ~ωn under ∆ˆ obtained self-consistently.
To obtain the discretized nature of vortex-bound
states, we calculate the BdG equation. Since we here
consider a straight vortex line along the c-axis (H ‖ c),
the wave number kc is a well-defined quantum number.
The BdG equation with a definite kc is given as [18]∫
dρ2
(
hˆkc(ρ1,ρ2) ∆ˆkc(ρ1,ρ2)
−∆ˆ†−kc(ρ1,ρ2) −hˆ−kc(ρ1,ρ2)
)
~uν,kc(ρ2)
= Eν,kc~uν,kc(ρ1), (6)
where hˆkc(ρ1,ρ2)=δ(ρ12)(−~2∇22D/2m−E2DF (kc))1ˆ with
∇22D= ∂2a + ∂2b . The two-dimensional form of the Fermi
energy E2DF (kc)= (~
2/2m)(k2F − k2c ) reflects the kc-cross
section of the Fermi surface. The order parameter in
Eq. (6) is obtained from the self-consistent solution of
the quasiclassical theory and the relation ∆ˆkc(ρ1,ρ2) =
(2π)−2
∫
dk2D∆ˆ(k,ρ)eik
2D·ρ
12 , where ρ = (ρ1 + ρ2)/2,
ρ12=ρ1− ρ2, and k2D are in the ab-plane. Equation (6)
describes QPs with the energy Eν,kc and the wave func-
tion ~uν,kc = (u
↑
ν,kc
, u↓ν,kc , v
↑
ν,kc
, v↓ν,kc)
T, where the index
ν ∈ Z denotes the ν-th excited state of Eq. (6).
Edge states.— First, using the quasiclassical theory, we
consider the edge state at the surface perpendicular to
the ab-plane. We here set a surface at a=0 and impose
the specular boundary condition on ĝ as ĝ(k¯, r, ωn) =
ĝ(k¯r, r, ωn) at a = 0, where k¯r = k¯ − 2a · k¯. In the B-
phase without a magnetic field, the d-vector is described
by d(k¯, a)=∆⊥(a)λa(k¯)b+∆‖(a)λb(k¯)c.
The spatial profile of the order parameter along the
a-axis is shown in Fig. 1(a). At a = 0, the specular
boundary condition suppresses ∆⊥ coupled with a mo-
mentum k¯a perpendicular to the surface. In contrast,
∆‖ coupled to a parallel momentum k¯b is enhanced by
compensating for the loss of ∆⊥ at the surface. Away
from the surface, ∆⊥ increases and ∆‖ decreases toward
the order parameter in the bulk B-phase ∆0=∆⊥=∆‖.
Figure 1(a) also shows the spin current jasb(a), implying
that the a-component of the spin flows along the b-axis
on the surface.
Figure 1(b) shows LDOS at the surface (a = 0) and
bulk (a/R0 = 40), where R0 = ~vF /(2πkBTc). The two
peaks at E = ∆0 and E = (16
√
15/45)∆0 in the bulk
LDOS are shifted to higher energies in the surface LDOS
as a result of the enhancement of ∆‖ at the surface. It
is clearly seen that the zero-energy LDOS at the surface
has substantial weight (about half of the normal state),
owing to the dispersionless zero-energy state connecting
point nodes at the north and south poles of the Fermi
sphere, similarly to that in the superfluid 3He-A [19].
We can separate the spin states by rotating the spin
quantization axis to the a-axis as d=∆0(λab + λbc) =
∆0(λ+d← + λ−d→), where λ±=∓(λa ± iλb)/
√
2, d→=
(b + ic)/
√
2, and d←=−(b − ic)/
√
2. In Figs. 1(c) and
3FIG. 1. (Color online) (a) Spatial profiles of order parameters
and spin current jasb along the a-axis. (b) LDOSs N(E) at
the surface and bulk. (c) Angle-resolved LDOS N(k¯, E) at
the surface as a function of k¯b for k¯c = 0. (d) Stereographic
view of the dispersion of the surface bound state in →- and
←-spin sectors.
1(d), we show the angle-resolved LDOS as a function of
k¯b for k¯c = 0 and the dispersion of the surface bound
state for the →- and ←-spin states on the k¯bk¯c-plane.
The energy dispersion is derived from Eq. (6) within the
Andreev approximation as E=±∆0|5k¯2c − 1|k¯b, where +
and − correspond to the ←- and →-spin sectors, respec-
tively. It is found that two linear branches with opposite
slopes appear inside the bulk gap. Since negative energy
states are occupied at low T ’s, the surface bound QPs in
the →- and ←-spin states counterflow along the +b and
−b directions. Therefore, the spin current spontaneously
appears along the edge of the ab-plane. The dispersion
of the surface bound state forms a “Majorana valley”
with a slope modulated along the k¯c direction, as shown
in Fig. 1(d). As is shown below, the Majorana valley
in the B-phase is a direct consequence of the topological
crystalline superconductivity of UPt3.
Vortex states.— Next, using the BdG equation Eq. (6),
we clarify the vortex state under a magnetic field H ‖c.
The d-vector is generalized to d(k,ρ) = dbulk(k,ρ) +
dcore(k,ρ), where dcore(|ρ| →∞) = 0 denotes the com-
ponent that fills the vortex core of dbulk. In the low-H
regime of the B-phase, the bulk d-vector is expressed as
dbulk=∆0e
iϕ(λab + λbc) at |ρ|→∞, where ϕ is the az-
imuthal angle around the vortex core from the axis a>0.
The normal-core vortex is characterized by dcore = 0.
The double-core vortex stabilized in the low-H and low-
T regime has dcore=∆c(ρ)λba where ∆c(ρ= 0) 6=0 [6].
The momentum in dcore is the same as that in the c-
component of dbulk because the d-vector easily rotates
from the c-axis to the a-axis, as observed in the NMR
Knight shift measurements [8, 9]. In the double-core vor-
FIG. 2. (Color online) Energy spectra of QPs classified with
the azimuthal angular momentum Lc at kc = 0: (a) double-
core vortex and (b) normal-core vortex. (c) Phase profiles
of dbulk and dcore and quasiclassical trajectories with kb = 0
(white arrow) and kb 6=0 (black arrow).
tex, as seen in Fig. 2(c), the phases of dbulk(ϕ=0) and
dcore are the same.
Figure 2(a) shows the energy spectrum of low-lying
QPs in the double-core vortex with kc=0, obtained from
the numerical diagonalization of Eq. (6). All the eigenval-
ues are classified in terms of the angular momentum along
the c-axis, Lc=−i~
∫
dρ~u†ν,kc(a∂b−b∂a)~uν,kc . It is seen
from Fig. 2(a) that zero-energy eigenstates are absent
even in the vicinity of Lc =0. To clarify the absence in
the double-core vortex, let us consider the quasiclassical
trajectories across the vortex core, as shown in Fig. 2(c).
The quasiclassical trajectory with the momentum kb=0
effectively feels the π-phase shift of the pair potential, be-
cause the induced pair potential dcore=∆cλba becomes
zero for kb=0, where the π-phase shift is necessary for the
zero-energy state. In contrast, the trajectory with kb 6=0
feels dcore interrupting the π-phase shift, which prevents
the formation of the zero-energy state. Since the QP
state at the vortex core is obtained as the superposition
of all the contributions of the quasiclassical trajectories
with various kb’s, the zero-energy state is absent in the
double-core vortex.
The normal-core vortex with dcore=0 is accompanied
by the spin-degenerate zero-energy modes with Lc = 0,
as shown in Fig. 2(b). Within our model, the zero-
energy states form the flat band along kc. Note that,
in a magnetic field H ∼ Hrot, the normal-core vortex
lattice with a hexagonal symmetry is observed in the
small-angle neutron scattering experiment [20]. In the
regime of H <Hrot, the normal-core vortex is described
by d(|ρ| → ∞) = ∆0eiϕ(λab + λbc). The zero-energy
state is found to be fragile against the Zeeman fieldH ‖c
and lifted to finite energies. In the regime of H >Hrot
where d(|ρ| → ∞) = ∆0eiϕ(λab + λba), however, the
zero-energy states with Lc=0 remain robust against the
magnetic field along the c-axis, because the ↑- and ↓-
spin sectors of the d-vector can be regarded as a spinless
4chiral superconductor. Hence, in the normal-core vor-
tex, the excitation energy of the low-lying QP jumps to
a zero-energy at the critical field where the d-vector is
locked in the ab-plane. As described below, at H=Hrot,
the vortex-bound states undergo the topological phase
transition associated with the mirror Chern number.
Majorana fermions protected by mirror symmetries.—
Finally, we clarify the symmetry protection and the Ma-
jorana nature of zero-energy edge- and vortex-bound
states in the B-phase of UPt3. We start with the BdG
Hamiltonian,
Ĥ(k) =
(
ǫˆ(k) ∆ˆ(k)
∆ˆ†(k) −ǫˆT(−k)
)
. (7)
Here, ǫˆ(k) is the Hamiltonian in the normal state of
UPt3, which holds the D6h hexagonal symmetry. We
find that two different mirror symmetries protect Majo-
rana fermions in the B-phase: One is the mirror reflec-
tion Mˆca with respect to the ca-plane, which protects
the Majorana valley on a surface normal to the a-axis.
The other is the mirror reflection Mˆab with respect to
the ab-plane, which protects the Majorana zero mode in
a vortex along the c-axis. Below we show that the differ-
ence in symmetry gives rise to a difference in Majorana
nature between the edge- and vortex-bound states. Note
that UPt3 shows an antiferromagnetic order in the nor-
mal state below about 5 K [21]. Even if the antiferromag-
netic order coexists with the superconducting order, the
mirror symmetries are preserved macroscopically beyond
the scale of the coherence length.
First, we consider the symmetry protection of the sur-
face states. Because the gap function in the B-phase
is invariant under the mirror reflection Mˆca ∝ iσˆb,
the BdG Hamiltonian Ĥ(k) satisfies M̂caĤ(k)M̂†ca =
Ĥ(ka,−kb, kc) with M̂ca ≡ diag(Mˆca,Mˆ∗ca). There-
fore, combining the mirror symmetry with the time-
reversal symmetry T and the particle hole symmetry C,
we have “mirror chiral symmetry” {Γ, Ĥ(k)} = 0 with
Γ= T CM̂ca at kb =0 [22]. The mirror chiral symmetry
enables us to define the one-dimensional winding number
w(kc)=−(4πi)−1
∫ pi
−pi dkatr[ΓĤ−1∂kaĤ] [23, 24], which is
evaluated as |w(kc)|=2 for kb=0, |kc|<kF and w(kc)=0
for other kb’s and kc’s. Thus, the system is topologically
non-trivial and the bulk-edge correspondence ensures the
existence of the Majorana valley in Fig. 1(d) with a flat
dispersion connecting the point nodes as E=0 at kb=0
and |kc| < kF. In addition, owing to the mirror chiral
symmetry, the Majorana valley shows the Majorana Ising
anisotropy that the surface bound states are gapped only
by a magnetic field along the b-axis [25]. A magnetic field
in the ca-plane or the d-vector rotation in the high-field
phase in the B-phase does not obscure the topological
protection since the combination of the mirror reflection
Mˆca and the time-reversal is not broken, but each of
them is broken. Here, note that, while the Majorana val-
ley has a close similarity to the topological Fermi arcs in
3He-A [26, 27], the arcs’ topological origins are totally
different: The time-reversal breaking is essential for the
topological Fermi arcs, but not for the Majorana valley.
For the topological protection of zero-energy states in
a vortex, the mirror reflection Mˆab∝ iσˆc with respect to
the ab-plane is essential. Following Ref. 11, one can show
that, if the gap function is odd under the mirror reflection
Mˆab, Mˆab∆ˆ(k)MˆTab = −∆ˆ(ka, kb,−kc), a normal-core
vortex may support the Majorana zero mode protected
by the mirror symmetry: In this case, Ĥ(k) commutes
with the mirror operator M̂(−)ab ≡diag(Mˆab,−Mˆ∗ab). On
the mirror reflection invariant plane kc = 0, the system
splits into two subsectors with two different eigenvalues
of M̂(−)ab , and because of the minus sign in front of Mˆ∗ab
in the mirror operator M̂(−)ab , each mirror subsector sup-
ports its own particle-hole symmetry. This means that
the mirror subsectors are topologically equivalent to class
D of the table in Ref. 28 and thus the nontrivial Chern
number in each subsector ensures non-Abelian Majorana
fermions [11, 29].
Since d(k)∝ λab + λbc does not have a definite mir-
ror parity under Mˆab, the spin-orbit interaction or crys-
tal field, which is ignored in the numerical calculations
above, lifts zero-energy states, implying that the B-phase
with the configuration of such a d-vector is topologically
trivial for vortex-bound states. On the other hand, for
d(k)∝λab+ λba rotated by a high magnetic field H ‖c,
the gap function is odd under the mirror reflection Mˆab,
and Majorana vortex-bound states protected by the mir-
ror symmetry are possible. Actually, for UPt3 with five
closed Fermi surfaces [30], the parity of the mirror Chern
number at kc = 0 is odd [31]. This ensures that there
exist Majorana zero modes in a vortex along the c-axis.
Hence, the low-lying QPs bound at the normal-core vor-
tex undergo the topological phase transition from non-
topological zero modes to symmetry protected Majorana
fermions with increasing magnetic field. The topological
phase transition without closing the bulk gap but accom-
panied by symmetry breaking has also been discussed in
Refs. 25 and 32 recently.
Concluding remarks.— We have investigated the topo-
logical aspect of edge- and vortex-bound states for the
recently identified gap function of the UPt3 B-phase. In
the edge state, Majorana fermions with linear dispersion
are bound and their zero-energy states form the Majo-
rana valley. The Majorana valley is protected by the
mirror chiral symmetry, responsible for Ising anisotropy.
Note that the symmetry-protected Majorana valley
at the surface can be detected by tunneling spec-
troscopy [33, 34]: The flat dispersion gives rise to a fi-
nite zero bias tunneling conductance, where the tunneling
conductance is related to the surface LDOS [Fig. 1(b)] in
the low transparent limit. The Majorana Ising anisotropy
results in a decrease in the zero bias conductance under
a magnetic field only along the b-axis. In contrast, the
5surface states in the E2u scenario are not coupled with a
magnetic field along the b-axis.
We have also demonstrated that the double-core vor-
tex is not accompanied by the zero-energy state. As H
increases, the finite energy excitations in a double-core
vortex undergo the topological transition to symmetry-
protected Majorana fermions via topologically trivial
zero modes in a normal-core vortex. The Majorana
fermions are protected by a mirror symmetry against per-
turbations, such as a magnetic field, a crystal field, and
a spin-orbit interaction, when the d-vector is locked in
the ab-plane, d(k)∝ λab + λba. Hence, the B-phase of
UPt3 offers a promising platform for studying topological
crystalline superconductors.
Some of the numerical calculations were performed
using the RIKEN Integrated Cluster of Clusters
(RICC). This work was supported by KAKENHI (Nos.
24840048, 21340103, 22103005, 2200247703, 25287085,
and 25103716).
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